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Assumption/Goals :

· You know the/ some basics of quantum
mechanics (QM) .

· We repeat some of the things you know,
but in English .

· We add some aspects to the basic

knowledge in order to understand better
the methods of quantum chemistry (QC)



Chapter1

Quantum chemical

description of many-election
systems







The Postulates of
QuantumMechanics (QM)

· cannot be derived from classical

physics (mechanics , electrodynamics)
· comparison to reality (experiments) :
correct -> The Axioms of ....
-

· differing formulations in literature



Postulat/Axiom1 :

"The state of a system is

completely described by a
wave function .

"

·state: characterized by results
of experimental measurements

lobservable quantities , obserables



e . g. energy , angular momentum , spin,.

=> IE , ,
S
,... Y

"Ket" vector

(Divac "bra-c-ket" motation,

of . later ! )

·are function : different ways
of formulation possible ,

i

. e.



different representations:
· position representation
(E = (x , y , z) , p = "derivatives cort . X ,yzl

· momentum representation
(p = (pxipyipz) , E="derivatives ort . Pripyp)
·,,.

We will mainly work in the position representation.



requirements for the wave funtion :
· function -Pit) ,Spit

/ time
/ positions / timesingle momentavalued of all particles

of all particles
· square integrability

ST
*

↑di = 1
normalization

condition

-> Born probability interpretation ,f i later !



· Itwice) continuously differentiable , i .e.
derivatives of I wort . X , . ... Or px
must exist and be continuous functions
of X .... OVPx / 1

·

examples in one dimension :

E No ! E No ! Y E No ! W E

·-> ↑ 1 2M-111 & /S S
X X X X



Postulat/Axiom2 :

"The squared absolute value of the
warefunction is a probability
density"
Born probability density interpretation
of the warefunction

IF12 = E** 110



·Tot isnot an observable (it cannot be

measured ! )

To
is a state function (it describes
the state of a system completely
2 can be written in different ways
(different representations)

·

I
*

I is an observable



e . g. one particle : two particles :
Z Z

K Ladyda/
↓duddydz/Fe

drz=dxzdyzdzz dyz
Stolpistoldv= 1Sto ,toldVd=1



· one particle :

density glü) = Tr
*

P
elementyin
↑ 2

eig .
election density gi = e/T
/

can be measured in experiments
=> 1712 is observable

To not observable , eig . le=H P
-
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Postulat/Axiom3 :

"Measurements are represented by
hermitian operators .

The elementavy
operators of position and momentum
have to fulfill the commutation

11 ih
.

"
relation [*,x]= Px - pxx



Planck's constant11900) :

h = 6
.62607015 . 10-34ys

%: Joule (energy
s : second (time (

energy
time = action

h = h/2π



· physical quantity A or
acts to the

=> operator or right side
1

A means "measure A", "

· order of measurements :
11

1111 11

A B i .e . AB-BA = [A ,B]
/ Ist

.

j

2nd
.

and . ist. End.st
commutator changes order



· [ *,B] = 0 the order of the
measurements does not
matter

,
the operator

1 1

A and B commute.

[ *,B] + 0 the order of the
measurememb is important,

1 1

the operators A and B
do not commute .

e . g . [*, Px) = it



1# l .... ) => ATE
L state function/state Operatormeasurement

elementary operators:--
position momentum representation

1* = X . Px =
- ita position8X

=itx
=

px momentums



[,x] = * x -x = x(i) - tite)x =
↓

position representation --

I

= ik (-x + (1 +x) = it !
product rule:(f)= f + x
measurements (operators) of position and
momentum do not commute !



· hermitian /hermitean) -> Hermite

* 1

Se**Ted = (SEATd*
↳ ↑L Itranspose indices

adjoint
build conjugate

↓ complex
1

A =+
= (T/** conjugate

↑ complex
transposed



· hermitian operators have
real eigenvalues ,

which yields
real results of measurememb
1

eigenvalueAl = a .T equation
L ↑ F

eigenfunction
operator eigenvalueacts OU

function of. later !



· construction of more complicated
operators from elementary ones , e .g.

momentumkinetic
energy : mas2 + 2

classical expression E = 1mu =m2
y

using p =my velocity
Il

"quantization p ->-i
Nabla

F
-2
= A= operatorLaplace
S

operator



= kinetic
energy operator

1

↑ = in 3D space

1

=-in 1D space



Postulat/Axiom4 :

"The
average

value of a measurement

represented by an Operator * for
a system in a state /T) is the
expectation value ↓

↓

↑ * ) =(I) * /T) = Sr*** d+.
"

Divac in na
Il
bra-c-ket" representation
motation



(2) "Wet" vector -> F (behind # )

↑T1 "bra"rector ->
*

(infront of * )

bringing them together in a scalar product
implies integration in ... representation.

↑III) = Sid = 1 normalization

TI/) =SirApdi=) expectationvalue



· I is an eigenstate of A ,
ie
,
the measurement

does not change the state of the system :
# IT) = a.T) and

i) = <I/ITY=/a) =

= a . /I/) = a for normalized)

=> only one value a is measured !

"sharp" measurement value



·1) is not an eigenstate of A , ie ,
the

measurement changes the state of the
system :

#15 =I
T) is an average

value of all measure -
meuts

, of later !



Postulat/Axiom5 :

"The warefunction is solution of the
time-dependent Schrödinger equation

#Tr =i
II

[ Schrödinger-picture Fl ... t) used here ,
alternatively Heisenbergpicture #( .it) , 192516]



·i : Hamilton operator , Hamiltonian ;
operator of total) = kinetic +
potential) energy of the system .

qualization of the Hamilton
function H =M + V with

1

x - k
, px
-

px ,.
1 1

· stationary states : HHI



ausatz : Trt) = Pri .
-Et

↓

warefunction wave amplitude function

= time-independent Schrödinger
equation

,
total

energy
1

Hy = E .

4



· Forn particles a Hamiltonian can be
Oritten as a sum over one-particle
contributions & Chinetic energy ,

interaction

with external fields) and two-particle
contributions & Leg . Coulomb interaction
between charged particles) :
1 un -1

Hgis



Postulat/Axiom6 :

"The wave function of a system of
identical (indistinguistableparticles
is either

symmetric (for bosons , integral spin particles,
Or

-> Bose)

antisymmetric (forfemious , half-integral spin
particles -> Fermi)

wrt
, interchange of two particles .

"



· To* is observable
, it is not observable

permutation tor Gijopera
1 --

↑
Pij#(Wirj) = F(m) =

OV

= Finn) symmetric
=-[in) antisymmetric
both 2

gieed /Wij= I



=> Pauli principle
An electronic warefunction

Wie ort
,
anis antisymne

interchange of two elections .
I Specialized :
Two elections cannot

agree
in

all quantum numbers .... )



Additionalconsiderations :

· Heisenbeugicertainty"cetantyrelation
with elementary operators Land *x :
xx Apx =/i,x]) =
similar : DEAt Ih wwithoutproof (



· Hilbert space-
linear

space of functions , where to each
pair a complex number / = scalar

product) is associated .
(Extension of the Euclidian vector

space to functions , however the
scalar product is now complex
and not commutative ! )



Euclidian
space

Hilbert space
+ -

a , ajeV fi , fj EV/
⑳ addition of two elements ↓

a) +ajeV closedness
analogons !

b) +(j +a) = associative law
↓ ↓

= (i + aj) + ak
- - +di + aj = aj +a commutative law
-daj + 0 = aj neutral element

e) + 1-j)= inverse element ti)



Euclidian
space

Hilbert space
↓

analogons
· multiplication with a scalar ( .. number) ce

flceV
0.i= ,
c=

g) (jk) = (cjy associative las

4) (ci + cjän =c+ät distributive
↓ -

·kla +aj) = cai+caj law(s)
aus !

-> linear rector/function space !



Euclidian
space

Hilbert space

1) scalar product #

jaj = j. filfi) = filfi
*

j (c.j)= c . (aj) (cfilfi)=filfj)
-I

=[fort (filofj)=filf-

· outhogonal vectors · ortlogonal functions
- -

ai . aj = 0 filfj) = 0



Euclidian
space

Hilbert space
· component representation in a complete and
outhonormal set of basis rectors)funcious :
orthonormality :

= Sij =[ Veilej =j
completeness :
=[..ei

1 =[ei)
If) =[eilf(lei]



Euclidian
space

Hilbert space
=>a = (aa .... an) If) =fi ...., fil

/ AOS
Mo

atomic
molecular

orbital
orbital confficientsconfficient
vector

scalar product : MO-LCAO approach

= ↑fig)=



·Propertiesof hermitian operators
1 hermitiam
A = 1*** At

operator *
alternatively :
S4jd = [S**Nid] Stijdi
TPil # I4j) = /PillYiY* = YNiltINj]
(i)(j) = Tj)(c)* = (i)+ j)
Eij = A = Atij

tE - (AT)* A hermitian
- malix A

-



real eigenvalues :
Alt)-aIN) -> I= apply)

difference"
=> a ER

Yused : hermilian operators and1
normalized state14)



orthogonal eigenfunctions :
Al4i) = aiNi) * (4j) = aj/4j)

↓ ↓

Tilti) =asPi)/*Nil
*

1-4-

equal forhermilian operatorsand 1

difference : 0 = (ai -a·NilMi)
If +a) it follows that <Pj/Ni) =0

(for aj= aj one can outhogonalize Ni , Yj)



· eigenfunctions of commulingoperators
[

,
5] = 0

↑ (4) = a(4) Bl =I

=Balp) = aBl4)==N
equal for commutingoperators

=>15) is eigenfunction of A with eigenvalue
a i . e . (5) (4) or (5) = boly]
and thus Blp>= 314) holds



= Useful to classify solutions of
the Schrödinger equation according

turn numbers of operatorsto
quan

Hicommulingwith↑
M 121

eig . 7 , Le, 52 , J , Yz , and
other symmetryoperators

=> 152Siz , i Etile ...



· expectation values of non-eigenstates
S

# (4i) = ail4i)
-> if the system is in an ei tate(N]gans

for A
,
theof the opera corresponding

measurement will always yield the
eigenvalue ai , i . e.
<A ) = <TilAlpi) = a



-> if the system is not in an ei tate one
gens

can still expand its state in the basis
tates of A ,

which form aof eigens
complete outhonormal set EINi] :

14 = [cl4i] (1)=[E= 1

↑ ) =<PI)) =[NITj) =

i

= Taji4j) =gajdij =



= [a
= One alwaysmeasures one of the
eigenvalues as of *; a particular
eigenvalue as is obtained with a
probability /12 ; the expectation
value[*) is a weihted sum of8
eigenvalues a ; the weihts correspondg17
to the probability to

"

find the system in
eigenstate ai .



AngularMomentum Operators
· position x -> k = X .

· momentum p-itX

-I position representation ( 1 l
· angular momentum ↓classical ↑
mechanics : ⑳mwi

-

li= = xp



particle with mass m on a ringwith radiussi

Ekin =mum =

-2

= angular momente
② moment of inertia

quantization :
42

1Frot=t , = = ⑮



E ↑ nk = (g)== 1 z
=

I
->

1 -1 I ↳pX Py Pz,
11 11

I
yPz - zPy
11

= & zpx- z I = S iI-

11 11

Xpy
-

ypx

Using the elementary commutation
relation [*] = it one can show that

1 1

[2] = 0
. [Exily] = ite cyclic :

I

Z x -> y
-> Z

A
#

i = X
, y ,z

nu



RigidRotor (angular part Hatom)
⑨ mass m rotating on a sphere with
radius v( = const .)

· analytical solution in spherical
tes (x ,y ,z => r

,
0

, y)coordina

⑧ /Tem 10
,41 =Fell+1)/Temps)

/Yem 10
,9)) =Am/Nem(,+3)

l = 0 , 1 , 2, (sp ,
d
,... ) , m=-l , ...,-1 ,0 ,+1 ...th



You Wip) spherical harmonics

· in QM one uses the commutation
1

relation [Ex
, by] = itzkyalia)

as a definition of an angular1 1 11

momentum operator e = (2x , by, z) .
· symbols :
Hatom

,
atomic orbitals :

, Ex ,zitz , I , me



· rigidvotor :
2 Ex , Jyi Jz , J , Miy

=> these rotations have a classical

analo
que

the quantum numbers are integral
19
,% = 0

,
1
,
2
, ...; meiMy = ImeMy ,0)

· experimental evidence (e .g . Stern-
Gerlach experiment) or



relativistic QM tells us that

there exists also an angular
momentumr with half-integral
quantum numbers and without
classical analogue

⑳ e . g. 1
-> spin of an election - s
- total angular momentum of an1

-
1

electron (e .g . Hatom)
-> = = 1 +5



-inof an electron intrinsic angularmomentum
, property1

operators:
2, X ,

y ,
sz

quantum numbers : S = 12 , Mg= #112

eigenvalue equations :
=
=
eigenfunctions : (sims) =/**)



· rector/matrix representation of spin
eigenfunctions/operators

spin functions :

1x) = (5) , (B) = (1) and

(a) = (10) , (B) = 101)
complete
outhonormal

=> (a(b) = 0 , (ak) = iB(B) = 0 basis in 2D

spin space



spin operators :
5 = (3x

, Sy , 5z) 2x2 Pauli
- spin matricesLv= (1) =- Gx 1 Gy , z
Ly = (0 -) = Gy↑

~

definition of
z= (4)= angular

momentum

2=! ( [5x ,5y] = isz
is fulfilled



examples :
= (x) =i => [i)(8) = it2(6)
5 (B) = -Et(B) =t -i)(i) = -2t(i)
etc.

~
spatial part &

warefunction : spinpartN

P =( ) = 4a() + Pi(i)





inconvenient,
Atomicunits : - numerical

↓ problems
moe = 9

,
1093837139 10-31 kg

2 = 1
,
602176634 . 10

-19C

h = 6
. 62607015 . 10

-34

Is

by definition :
Mo

,
e
= e = h = 1 atomic unit (an)



length :

1 au .

= 1 Bohr = 0 .
529189

energy :

1 au .
= 1 Hartree 27 .2117eV

= 627
.
5 kcal/mol

=2625 .5 k]/mol
= 219474c

- 1



Many-electronsystems
Born-Oppenheimer approximation :
· nuclei h

eavy ,
electrons light

· uniform distribution of energy on
the

particles (electrons , nuclei)
E=mu2 in large -> small

· nuclei slow
,
electrons fast

· elections in the field of fixed nuclei



· Hamiltonian : BO approximation
nn - 1

# =isse

↑ () =-gij
universal

specific universal

· Schrödinger equation :

1 Il

HE = Ey -> electronic"Hel , Fel



· nuclear repulsion :

W=ti coust
,
in the

I=y+1 1j =1 Wig
30 approximation

· total energy :

Etot({3) = Eee + w

=> potential curve ,

energy hypersurface



· ware function :
-> no analytic solution as for the
It atom possible
· build a many-electron warefunction
from (familiar) one-electron wave -

functions ( -> orbitals or spin-
orbitals : one election in the field
of all others and the nuclei)



· Hautree product

P = fili =(()42(2) ... Pulm)
/ election index-

orbital indexspinorbital
- we assume <Piltj) = dij , so that
<PIP) = 1 holds

=>

every
election occupies its own orbital



· Slater determinant

- electrons are indistinguishable
- warefunction must be antisymmetric
wrt. exchange of two elections

=> antisymmetrized linear combination

of Hautree products

P=-14 fili) =



9, (11821 ... Pu(1)

P+ (2) 42 (2) I In(2)

9. (3)9233) ... Puls
↓

=

i1i
P (n)42(m) ... Quin),



E permutation operator
acts on the "diagonal" Hartree
product ((1) Pe (2) ... Pulm)
and exchanges pr times too
electrons

b
-> n ! possible arrangemen
ofn elections in morbitals

(

m ! Er operators



-> indistinguishability of elections
-> (-1)Pk leads to antisymmetry
of the warefunction (Pauli

principle)
- we assume(Piltj) = bij , so that
XP10) = 1 due to the normalization

factor



· properties of determinants :

= change of sign upon exchange of
two rows or two colums,

corresponding to exchange of two
elections or two orbitals

= zero if two lines or two columns
are identical

=> fulfillment ofPauli principle !



Note : a Slater determinant is

not the exact solution of the

Schrödinger equation
The "best" orbitals (rort . El can

be determined in the Hartree-

Fock method
. of . later !



· how to evaluate determinants

2x2

=
&

-

~
to make it easier...

3x 3
M

II
rule of Sarrus"

Da



mxn(n = 2) : expansion accordingto Laplace
+

all a as 1117 expansion wut row I:
- ↓ -

a21 222 &23 1122 7 h+k
detAl = I + - ↓

111

↑ =↳ der (1) · detAk-

az az2933 11 II

k
i ! delete rowland

columnk fromA
chose row Or
column to expand
lif possible chose a+ (+ 1== /
those with aij =0



example :
↓ t
& 11 12 a13

II ana22acs/aaana)a31 a32 a33
931922933

-ana= apazza -apaI
a31932a33

- aizaz , za + a i22 Ag + Azeg2-9922931

k+h
expansion det) = Zake(-1) · de
wrt

.
columne :



=eletonsystems
= (9(1(92(2) = 92(1)9n(2)

~
every election in every

orbital

sign change upon election exchange



Yi : spin orbitals
spatialpart Pi , spin part Gi = S

there are four possibilities for P :
41 = $1 · x

, Prob . Pix , Piß
42 = %2x , PzB , Peiß , Prix

1) 2) 3)4)

Ms=s +Ms
= 1 - 1 00

1

there is a triplet IS=1) and a singlet (S=0)



PMs= 1= =P
!SS

= I #F
spin spatial
part : part : triplet
symmetric antiz

symmetric
PMs== 1 analogons (x -> b) +t



PM50,MHPI I
= (P(((2)B(2) - (42)()421a(2))
-

PM50 ,4MBHPal a I
102)(2) -Pa()(2)B(2))-



[PMs=0
, 3)
- PMs=0

,41] = 080 ,MS=0 =

= [am2(2) -B()(21a(2)
-102 (2) +%(2) (2)]

=[12)+(2))/ )]
spatial part : spin part :

singlet symmetric antisymmetric-

* + - +t



E [PMs=0 , 3) + PMs=0 ,41] = PS=1 ,Ms=o =

= [am2(2) -B()(21a(2)
#102 (2)+(2) (2)]

= [Tac(B(2) +Bin(a(2)))P]
spinpart : spatial part :

triplet symmetric anhsymmetric-

1+ + +t-



Note :

· an open shell singlet (P, Pal
cannot be described bya single
Slater determinant

.

· It is not an open shell singlet
Swarefunction) .
· In = 02 leads to the closed shell

singlet or D = 0 for the "triplet"



[PMs=0
, 3)
- PMs=0

,41] =0,M5
=0

= [19,(1)P12) +P,(),(2)))]
closed shell

~(1) Pr(2)/a singlet-#
- equal

I =
columns(PMs=0

, 3)
- PMs=0

,41] ↓
= [Tac(B(2) + Binia(2))(P]
=0 Pauli forbidden ! #



Energies of open-shell singlet and
triplet : -(1) +(2) +g( ,2)

↓
↑Ps

= 1
, Ms=1) #) Ps

=1 ,Ms=1)=nospie
=(an(e)/(n)2 (2)] ·

(Ph) (2) -P2()b(2)/()+ (2) + g(1 ,2)) ...
.. D()$2(2) -Pa(P(2)) =



=(24 + 24z+ 2 (12 - 2k12) =

1
= k++-one electron

terms terms

En=PI)
, ha=P

= = =
=> =>

& 12=/ Could a
=

K12=&(21/(n ,21/12) exchange
-

same result for $s= 1 , Ms= -1 !



↑P0
,Ms=

01 P=0
,Ms=

0Y =
spatialpart

=/B/B almost as for
S=1 , Mg=1.

·/(1)+ (2) + g(1 ,2)) ...
. D($2(2 P2()P(2)) =

= 1 . 2 . (24 + 242+ 2 J122k12) =

= h + hz+11

terms terms



<Ps= 1
,Ms=
0/H) Ps

= 1
,Ms=
oY =

= /a(n)B(2)+Binsale)/am/Blas+pinsale)) (1)

· (4), (2) -P2(1)P(2)/()+ (2) + g(1 ,2)) ...
..(1)P(2) -P(1)P(2)) =

= 1 . 2 . (24 + 242+ 2 (12=2k12) =

= h + hz + y12 = 412



result :

E 1

I
-

Yakne
singlet S=0 , Ms= 0

-
V triplet S= 1 , Ms=11 ,0

The exchange integral determines the
singlet - triplet splitting (open shell case)



Closed shell case :
E

-↑PMs=
#Po

,
Mco = ↑a#1

=//BBl
·P)P(2/(n)+ (2) +g( ,21)$,4)& (2)) =
= 1 .2 . (2h + (n) = 2+7



result :
-

TICagSe
S1

I T

I
-

-

-
V small(er) So

S excitations :
Ep spin-allowed

spin-forbidden



Electiondensity and densitymatrices
density :

g( = n . jf ...) ↑* Pdo,di ... di2 I

121 spin space andspir

· integration over all but one spatial
electron coordinates

· (g) dü = m (number of elections)
· indistinguishability of electrons :

↓ of which coordinatesresult independen
are integrated.



·S di ... die
electron 1 fixed to (1)PK(1) , (n-1) possibilities for electrons 2to m .

D=
. (n-11 !( +2+...+gu) =
!

sum of
= Gn(w) + gz(r) + n +gn(r)

densities of
occupied
orbitals



V) =

S .... S*different-14...) di ... di
2n
- -

2 N

-quae first order

densitymatrix

(( , ) = g()
the diagonal of the first-order
density matrix is the density.



higher order density matrices can be defined
in analogous way i important

is thepair

density which is the diagonal of the second-I

order density matrix :
=M

we can look at examples for the derived wave-

functions of two-election systems and

distinguish between S=0 and S =1 .



↑Plän) =
We always integrate over
all spin coordinates

(1)P(2) (n(1)b1 (2) = 91(1) . 9, (2)

↑ aß plot : assume homogenous electrongas,
i
.e . glü) = const.

reality :#deutiCoulombhole
of , later CI cuspl

(

L 3coloib correlation (2)



Kato cusp conditions (1957)

· electron-nucleus cusp

2. glü)Z=-
Gr
&ri= -(c)

-> You know H-type systems :

Mas v 2
=zu
-> fulfills the conditions =Öl



· electron-electron cusp

ON
&riz

vin= 0
= Plane= 0)

-> assume a 2-electron system so that
↑*p =M and apply the product rule for
derivatives to ↑*! Note that pir= 0)
for < ,

2 spin , but not for x,p spin.

-> 22- or fliel-dependent wave-
functions ,

e .g .
F12-CCSD(T)



↑ (2) =

= [(p2) - b21) (P, (1)P2(2) - P2(1)P, (2))] =
= [g , (1)92(2) + g2(1)g , (2) similar to&B !

=2
- Px)P24)*(2)P(2)-(4)21pm)=

Note thatPr2
assume= them P,

121 = gn ,
etc

.

= [29192 = 9192-9291] = 0 Pauliprinciple !



The pair density vanishes when two
h eachelections with equal spin approac

other
.
The elections "avoid" each other

.

The pair density showsamihole :
↑1 HF-
-

exchange Pauli-
.

-or Fermi↓principle
↓hole -

Fermi correlation
D >V12



Chapter2

The Hartree -Fock IHF)
-

methoch

land beyond



Wh is the Hartree-Fock method
Y
&

so impor tant for QC ?
· bestpossible nautitative description9 &

of many-electron systems with a
simple warefunction using orbitals

-· starting point formore accurate
"Correlation" calculations
· connection to qualitative models
based on orbitals

· extension to Kohn-Shamdensity functional
theory (HF-HFS ,X early KSDFT)



Most important ingredients :
· Hamiltonian : variationally stable , i .e ,,
bounded from below

· Warefunction : Slater determinant
· Variational-principle · minimize
the
energy

to obtain the best solution

· Method of Lagrangemultipliers
to keep orbital orthonormalization



Hamiltonian :

nn- 1

#+ist

h (i) =-
most simple
choice :( ,j) = A mon-relativistic
Hamiltoniam



Warefunction : Slater determinant

normalization permutation spin-
factor operator orbitals

↓ ↓ ↓ electronfilt index

i = 1 ↑ orbital index
Slater --

Mdeterminant - &

antisymmetrization Hartree

operator product
↓

=

i
det (4) ...n(a)) ; Pil4j) = dij



Variational principle :

Eexact =EP

·I is a suitable trial warefunction
· Eexact is the exact ground state energy
· for the exact ground state warefunction

exact
one obtains Eo = Eliogexacty



proofi
1. assume H14) = Ei/Pi) is solved !

3) Pi)] : complete orthonormal basis , i .e .

↑PilNj) = Gij and 1 = [1] <Mil
orthonormality completeness

app
voximate wavefunction Inormalized) :

15 = [cil 4i] E
[

1 =F)=Nils)=P



E[F]=EFF) =[PiF4jY =

,j F
-Ei

Eij Ei Es
> IcREo = EiR = Eo

i

-
=> E[F] > Es = E[NoT

- ,
ged

quaderat demonstrandum



2. assume /Pi * Elpi)
3Pi)] : complete orthonormal basis , i .e .

↑PilPj) = fij and 1 = [10)<Pil
[

orthonormality completeness
exact wavefunction Inormalized) :

147 = [cilti) E
1 =(4(4)=PiP)=P



Schrödinger equation :

[ c (P) = E . Icilti) KPil
&P)=Pil

Hj dij

= Ei
-columnron



#HinHin)+Hjy+ ...+Hjan)·thelement
↓

-matrix eigenvalue problem !

Croutine task for a computer /codel)
one state : many states :

& (in)
withH =E = El
E=!



=> full configuration interaction (FCI)=
= =

· basis : all Slatedeterminants which

can be formed for a given set of
Ispin-orbitals) and a given number

of elections !

· exact solution ! ( for the underlying
one-particle basis set , of . later (



3. assume 1/Pi * Elpi)
3Pi)] : Incomplete orthonormal basis , i .e .

↑PilPj) = fij and 1 + [10i)<Pil
[

orthonormality no completeness

approximate wavefunction /unnormalized) :

157 = [cilti)



Variational principle :
EE) =EF/5) = ETE] = Eexact

Eci
,j

Sij Hij
=[ Hig[

*



* Hij = E . C , [cfobefore , 2) ! )
SJ
row Column

H = Es and H = EC

=> truncated configuration Interaction ,- -
-

e .g .
with single and double excitations
- =
-

CISD
,
and others

, of. Later



Variational principle in QC : HF , CI
Es variation of the orbitals in one Slater

determinant

approximate HF solutions

variation of coefficients of Slater determinants·teiI
&

i

- approximateIsolutions

- - FCTI = exact (for given one-electron
basis set (



Slater
Hartree-Fock : T determinant

Variation of EHF=D
wrt

.

Orbitals Di (Pi=Pi) in P
under the orthonormality condition

Pilbj) = dij (Pi(4j) = dij)
=> method of Lagrange multipliers



EHF = <PITIPY =/Igj)(4) =

assume (PP)= 1

= (n.detdet)
= -

Lelections Lelection 1

-(m- 1)
· (detlikg2)/deffik))) =
-

#pairs of elections ↳election pair 1 ,2Lexploit 2
the indistinguishabilityof the

dections



Ist term : apply Laplace expansion once
determinant

- ↑
subdeterminant

i+1 19det/pi(i) =D= -1) Pi() D

lexpand wort Ist row where we have election 1
Note : (DID) = m ,Dijakey = die Ge (m-11 !

=>mme1isi+

=h for the
Ist term .



And term: apply Laplace expansion triceM
i+1 19 indicesdet/pilill== ( 1) Pi() D =

forDI1
n- I

Ist expansion
and expansion-a) (1)

indices forDrit

defliks) = D= (-i+/pin(k) -y()(k)Dig
i=j+ 1j=1

Note:Dikepminp) = Jimjudkodepim-21 !



=> (1) In-212 -G1->
·Kein (1

,21/2)
echi=j+1j= 1

-

A ange↓ of indices

einsfjz/( ,21)4juice))
n -n- 1

=.. +[[/jij - Kij) for the
2nd term..i =j+j= 1 Lexchange integralIcoulomb integral



un - 1

EHF = Ih + [[1]ij - Kijl
j= i+1i = 1
-

e . g. 4 elections in 3 orbitals with Mg=+ 1

D h K
E 1

EHI =

241 + hz + hy
+11+ 2-212 +2.713↑
- Knz-Knz-Kes
+23

E



Coulomb integral/operatori
Dij = (in)9y(2)(y(1 ,2)/yi(1)9j(2)) = Yijlij) =

=2)ic did
W12

= Sasj güns di Integration
over spin

ij = Sy12)Pjd "trivial" :

classical interpretation V
4x -> 4k
fk -> Sk



Exchange integual/operatori
Kij = Miln(92)(g(1 ,2)/4y(1)4(2)) = Viji) =

=>

=
no classical

= Sasj Pers di interpretation !
1

Kjpi (1) =Sy2) die Pj(1)
>

Note : Kij = O if piand j have different spin !



Note : Kii = ii , Kij Kji , Jij = Jj

=> EHI = Ih + ij
-Ki

indices refer to spin orbitals &K !

special case: doubly occupied spatial orbitals
m/2n/2

=> EHF =2 + [[12gij - Kij)
i= 1j= 1

indices refer to spatial orbitals!



Application of the method of Lagrange
multipliers to the HT expression-

energy
and the outhonormality condition :

EHF[[4i +Spi)] - En[[ei3] +
Linfinitesimal change of orbitali

+[xij)itt)) =

= oist
- [dij -Milfj)])·Lagrange

multipliers -
= 0



order O indp : -> equ . Itrivially) fulfilled
1111111 ->ock equations
11 22 Il 11 -> neglected

we try to derive an expression of the type
du) = 0 = 11 )) = 10)

#lequations from which to obtain [pi}
in EHF for h; 2 positions and in Jij , Kij
4 positions for dik !



Mi+G /Pi +&pi) =
= il) + Keils) +Yogihigi+...
Othorder

(drops out)deroder
ne

hermitian

operatori
=> Ist order : 2Reise



↑Pi +dp; Yj +dyj(g(yi +dpYj+dfj) =
= 199j 19149j) +

Oth order

+ Yogi /(4) + 14189j 1g/gi4j)+
1storder 1

. electron exchange 1732
Topi fil/4j4i)

* *
+ [i4j1ğ(diti) + 14: 45/g/4: 84j) + m

1⑪ hermilian operatorg I andI neglect

/ + 4j)* ↑filli **



-> 2Redijgigj)+2Retiglej4i)
=> 2nd order :
un- 1

2Reig)gli)
= Reifigtity conlombatan

=

analogons
derivation :

·Reifigljfix exchange prist



orthonormality condition /similar h terms) :

=> 2[Xij Re (dpilj)
ij
-

[ therefore leads to

in +( - Yj)]14) =2xij1)
j

lusing the Coulomb and exchange operators
defined above ! )



since Jin = Kin resp . Jilgi) =Kilpis one
gets one equation for all Pi :
[ + [ /2 j - Vj)](4i) =Exij14j)
- #j

25
-

F Pellgi)= ie
Fock operator ↓

by diagonalizing& resp .Fone obtainsporbital energy
+E -(2) = :1



1 orbitalsy andor : Flyi) = (4) orbitalenergiese ;
"Canonical" Fock equation

Since F154;3] the Fockequation
depends on its own solution!

=>

Self-Consistent field (SCF)
-

- -

method for solution literative) ·



Initial
guess

set
up

orbitals [0]* E T
X solve

properties,

·
iterate !

k+ 1

Y

orbital plots ,
density plots, I 1
1 1 (11

correlation
. I

no test# convergence !finalSie
e

- Ek+ 1,HF 9 #

eig.EFF-E 10
=
H



How to solve theFock equations in practice?
· atoms · spherical symmetry

= angular-part analytically : Yer
= radial part on a grid : Rue

· general molecules land of course atoms) :
=> expansion of orbitals in

cusually atom-centered)
basis sets

=
conversion of integro-differential

↑

equation to a matrix eigenvalue problem



Roothaan-Hall approach
(P) = [ckile) basisfunctions , eig .

~Slater or Gaussian

in Fock equation : type functions

* (Pi) =ei/Pi)

& ciFk) = Ein Kel
*ike=ikeK



[ Feri = E, [Ser
K

/ row
-column/ I row Column You columnrow

column

& = EiS or EC =ESC
Wix L is ith

generalized ma column

eigenvalue problem
After insertion of 1 = 5-12g12 and
-

multiplication from left with 5-112



1

5-12T12 c = 2512
- - -

meine -

F E = E
-

standard mahix ei - blemgenvalue pro S

solved by diagonalization of F
(Noutrivial solutions if detlE-El = 0)
ideal task for computer (code) !



suitable basis functions :
· Slater type functions ISTFs)-

=ü-
N 2radial part / I

nuclear
exponent
"Zeta" position

=> corresponds to solutions of
hydrogen atom resp . hydrogen
like ions -> accurate

,
but



integrals over handg very complicated
resp , costlyto evaluate
· Gaussian type functions (GTF)-

-a)-2

X we

d integral evaluation

i less difficulticostly !

· tial *f cusp
~

exponen
conditions indecay

> r chapter 11



to improve the accuracy
use linear

combinations of GTFs to approximate
STFs ! e .g .

STO-36
, STO-46, ... sets

=>

OSTO : Slatev type orbitals 3 ften
used

instead of
GTO : Gaussian type orbitals STF

,
GTF

.

· angular-part
Yem(54) wut, atomic center : erical

[ I
(X -X0)(y - yo)(z-zok , i +j+k = lasian



Ijk angular part type
000 1 15

100 X - Xo 20x
r &

110 (x -Xo)(y - yo 3dxy
---

200 (X - X
.
(
2

3dx22
D20 (y - yo (

2 S 3d2z
- x2- yz002 (z - zo)

2

Est
excluded in spherical basis

T (x2+ y2 +z



contraction pattern : segmenteeessexponent coefficients
orbital 1 orbital 2

↑ *

#1 # O - D
T

# 2 # 0 &0 · s
# 3 +05 -

# 4 J·# 5 E



generalizedcontractionpatterneg(5s)/[25]
↑ *

orbital 1 orbital 2

#1 = O
-

= O ·
# 2 # 0 · # 011e# 3 +05 + 0

# 4 # 0 g # 0 s
# 5 # O # O



nomenclature :

· minimal basis set : one set of contractions
for every occupied

atomic shell
,
eg

.
H1st

,
He Is

2
=> (... S)/[15]

B152232p = (S ,p)/[2s1p]
·
double-

,triple- ,... zeta basis set : two,
three, ... contractions for every
occupied shell , e .g .



H
,
He Dz : ( ...S)/[25]
iz : ( ... s)/[35]
117

B DE : (m s ... p)/[4s[p]
Tiz : ( ... S ... p))[6s3p]
111

· valence double- , triple- ,... zeta basis
set : minimum basis for core shells,
double-

, triple- ,... zeta for valence
Shells

,
e .g.



B VDZ (..s ...p)/[3s2p]
vitz (ins ...pl/[4s3p]
119

· augmented basis sets : a diffuse set
is added to describe anious better

,
e .g.

B VDz + [1s1p] = AVDz(mns ...p)/[4s3p]
VTz+51s1p] => AVTE ( ...s ...p)/[5s4p]

11 I



· polarized basis sets : higher angular
momentum functions added to improve
the description of bonding , e .g .
correlation consistent basis sets cc-pUxz
=> =>

I
,
He -pVDz ( ..S ...p)/[251p]
c-pVTz ( ...S ... p ...d)/ [3s2p1d]

11

B ac-pVDZ (15 ..p .nd)/[352p1d]
-pVTZ (S, pind .f)/[4s3p2d1f]

11 I Other schemes possible ...



The larger and the more flexible the
basis set

,
the better . Lower CHFf energy

usually indicates a better basis set .
Problem : scaling of the computational
ffort with system size Inbasis functions

4
Istandard] HF ~n ,

MP2 ~nT
,

CISD
,
CCSDumS ,,

=> compromises needed !











2 types of Roothaan-Hall Hartree-Fock
self-consistent field-procedure :
· conventional (normalsized systems(
- evaluateh) and Kgene]
an store them on disk

=> read integrals from disk in every
iteration to set up I



= disadvantage :
for m basis functions one has = n

M
/4

two-electron integrals !
=> Kjkey = 1j/gl**e) short motation
monvelativistic case :

It real ->P ,Ti ,real-

"symmetries" (election exchange,
torg)hermitian opera

Tijlkey = jeky = rekljkelij
*

ik
, jxl Ispatial symmetry not exploited)



store without indices : 1dpword = 8 byte
100 bf -> (1824/4 · 8 byte = 200MB-

10003f -> (1034/4 : 8byte 2000GB = 2TBr

100006f -> 1104/4/4 · 8 byte = 200004
impossible!

in addition : disk I/O is often slower than
the CPU -> therefore :

· direct (very large systems (
-> evaluate kijkl) when needed in every
iteration ("on the fly"



· integral prescreening important
· g . Yijke) Fijlij Tele

many
not so many

remiscent of the Schwarz inequality
Kiljiljljy

-> do not calculate Vijke) if Yijlijkelke)
is lower than a certain threshold



What HF can do well and what it

cannot do so well :

Remember :

· HF is a single determinant method
-> it cannot describe situations

were two or more determinants

are needed , e. g.

breaking of bonds







It
,
at large distance is Pro)-1) ~

~ (1sa(1) + 1sy(1))(1Sa(2)+ 1Sy(2)) =

(1sa(1) = 1sy(1))(1Sa(2)= 15y(2))
~ Isal)1sy(2) + 15y(1)1sa(2) => Ho + Ho

· HF does not include Coulomb
correlation

-> it cannot describe interactions

due toelection correlation
, eg

van der Waals bonding



Otherwise :

triesequilibrium geome
lof covalent/ionic bonded systems (
vibrational frequencies
dipole moments etc.

electron density
=> not extremely accurate , but
reasonable



Chapter3

Beyond nonrelativistic
Hartree -Fock theory

/ correlated relativistic calculations)





Definition of correlation energyEr

according to Lowdin :
- exact -

HF-limitEcorr = E - E

Often neitherEexact nor EHF-limit are
*

known and one estimates) simplifies
correlated HFEcorr -> E method

- E

* truncated one- and many-election basis



3axes of ab initiomethods coordinate system
· one-electron basis

, of . Chapter 21
-·

many
- electron basis ,f. chapter1

- Slater determinant or CSF basis

· Hamiltonian

=> monrelativistic or relativistic
- all-electron or valence-only
-> treatment of the environment , e .g .
solvent or embedding effects



Many-electron methods beyond HF
· variational
le .g .
CI

, configuration Interaction method)
· perturbative
le . g .

MBPT
, many-bodyperturbation theory(

· projective
le . g . C , coupled Cluster ansatz)

· others

19 . g . QMC
, quantum MonteCavlo)-



HF single double
111

= =>

E E excitation*

1b
A

S virtual orbitals
1

La LaI Th

&S
valence orbitals I 1 : 12

1 occupiedorbitals
-

11 Lj
- = -

ILS core orbitals Th T...

PhF
, Po , 10% Pls) paD

a
,
b
, ..., , j, denote spinorbitals

* better : substitution



Expansion of the many-electron warefunction
↑ = Dopp
-

HF
-

seI
-v

FCI lexact)

(4) = 10) + (S) + (D) + (4) + (a) + x

singles doubles triples quadruples



#14 = E143
↑ (10) +(S) + (D)+ (4)+) = E((0) + (S) + (D)+ (4)+ ,)
Note : intermediate normalization is used

,
hie

,

(014)= 10/0= 1 (standardnormalization <(4)=1)

Tol/TolEIoY + YolFIsY + YolIDY = E
Note : (o(s) = (0(D) = . = (S(x) = (s(t)=. = 0

=>The exact
energy

Eis determined by a
CISD expansion (with exact coefficients) !



=> This explains why most methods include
tions wrt a HFsingle and double excita
-problem is thereference ! The remaining

determination of the necessary exact
coefficients !

Note : caca cannot be determined

from a (truncated) CISD ,
but have

to be calculated in a FCII



Q in I contains one-
...-

HF
- +

⑧
and two-electron

>

CISD

S

I
8

terms
,
i
.e.↑· I <PulFIPe) = 0

&

# = - ifpr and be
To differ bymore

than two orbitals
=> +

i Brilloin theorem
PHF) = 0



· Variational determination ofa
of . chapter 1

necess

any
mahix elements can be

evaluated with the Slater-Condon

rules :

-
HF
energy

!hi
of chapter 1

-
indices orbital indices

↑pilpa) = o



:/Mijiggt
of. chapter 1 , HFenergy!

ipglijpeufiglyp-eneglt

iPImglijpega-negle
nn- 1

Now we know how

iPINijpa to do HF+CI !



Many-body perturbation theory (MBPT)
⑳ assume Fol =Eg is solved !

⑨ zeroth- order Hamiltonian Ho , energies E-

andWarefunctionsi
· a simple Hamiltonian is necessary
e
. g. Ho=4

, E
Koc

&dePerest



· one adds a "small" but complicated
perturbation H' -perturbation parameter

R= 0 "off
II

1 1)flexact
= Ho + xH

no perturbation
x= 1 "oul

full-perturbation
· e . g . H = Flexact ) = HF election-

electron

exact electron- interaction
nn- 1

electron 1 1

interaction=I 1 -KlassMPm
=jtj= 1 Yj - I -

-
elections



· expansion of the lexact) energy
Eexact

= E(0) + xEm)+ E(2) +..+Em)
↑ ↑ ↑ ↑

· expansion of the lexact) warefunction

/peracty1py+p+Ryt+ply
zeroth > ↑ ↑ ↑

order first second wth order
corrections

· Insert the expansions in the Schrödinger
equation ,

order ort . ** and solve starting k=0



1

(Ho+#') (14* > +&14
*
3 + 144*) + ... ) =

=E + xEm+ X-E()+ .)((4* ) +x(4
*( + 1343 + ... )(
1* Holt) = Elp) = assumption !

: #o 1p)+ 1p") =El
*

> +Emp

=>9 +1pY =

O => E19/popy +E
me"Tricks":

~ hermitian O eigenfunction 1

I↑po14" **/ Folt* EoX"% = 0



useful , e .g .,to
=> Em = yy #14 (0)) - evaluate

Spin-orbit" splittings .
1st order

energy
correction

e .g .
in case of Moller-Plesset-perturbation= =

theory one gets
[10) + El = EHF MP1

-

Up to here nothing is gained wort . HF
Correlation comes in in higher orders,
ii e . MP2, 1111
-



* Holp+" = E"+Elphy+Eps

=>HOT
=E +El+

O O

=> Erl ==
-

Lith state k= i
-

complete Lexclude ith state forErs orthonormal
basis set p



Nice result
,
but from where to get the cy ?

-> C define the 1st-order correction to
so we look at the 1st-orderequation again !
* Fo(p+/p") =El*> +Emp

-E↑ 1
=>

P =Ei

· (E-E)+ ) = oj



=j
↓

Ist order nevefunction :

=FJ
j+ 4 in general :

2nd order energy : nth order wave-
2

function

E determines

Zu+/thorder
J
j+ 4 ↓ energy



=> 2nd order Rayleigh-Schrödinger-

perfurbation theory (RS2)
the simplest land cheapest) ab initio

approach to go beyond HF !
Closed shell reference :

# = Flexacti PHF//P) = 0-

↓Brillowin theorem] ·
HF ground state Slater

L determinan

{4 = PhF Da
tand doubly

excited Slater determinants
constructed from HF
orbitals



· Moller-Plesset perturbation theory-

Eid => MP2

Keocc verypopular
· Epstein-Nesbet-perturbation theory

Epp => EN2
not much used

· Higher orders can be derived , but are costly·
MP4 is occasionally used .



Example : He atom 1522S ground state
1YCISD) = 0 . 9964/152) + 0 .0011/1s'2s)

HF
comes inby coupling
to double excitations

- 0 .0645/25 - 0 . 0321/12p2) + 12pip)+ 12pz))
radial correlation angular correlation
I 111 in er HF CI MP2 Exp .

-pVDE IPh 23
.44 24 .33 24 ,15

x - pV5z 23 , 45 24 ,58 24 ,44 24 .59

ac-pVDz IP2 54 . 25

x - pV5z 54 . 42 54 ,42

(CPU times < 1 second)



So far (CI , MBPT) we had a linear

operator to generate excitations from
the HF zeroth-order warefunction :

1

(4)= (1 ++(lPo)
&) excitation operator · coefficient
1 singles , doubles ,triples ,)

=+Fit ,
= [cat single excitations
ca operator

focc evirt



1F=ab tat double excitations
2
,ja ,b

j operator
focc evirt

11/

annihilation fors >i ,
j, opera

electrons in orbitals <j , . deleted
1 + 1 + tous 7aalay, ..

creation opera
elections in orbitals ab , in created

anticommutation relations obeyed :

Ep,q] = St , 3 = 0 , Sp , â = dpa



commutator : [A
,
B] =AB-B

anticommutator : (1 ,3 = AB + BA new

11

ai , aj ,,t
-> And quantization

"foruseful "language
many particle theories %
we will not investigate
this topic furtherr..

Problem of truncated CI : the correlation

energy does not scale correctly with system
Sizl .



Consider a systemwith two orbitals and two
elections and only double excitations leg . He in
aminimal basis set) : intermediate

~ normalization !
I

IYcIdy= (1+2)(Phy = (PHF) + clPpY
↑

↓DuftPaft) Three . H
E = =

all real !

↓PHF +PalPaf+ PD)

EHF2/daIFIPHF) + /IYtIPal
=

(check with HT codet CID here isFCII



Now consider two of such systems at an
infinite distance from each other :

1
F systems

(PCID) = (1 +42,
+23))PHF) = And

= (PHF) + (, /Pa ,a) +( ,/Pa ,b)
↑ ↑

I

2EHF
,A numerically equal

E =
Ehf + 2 .2

,
Pa

,
atPhf)+2Da at/da

,
a)

1 +2
2: A and B contribute equally ; <PD,P ,

B)=



=> El2 systems) * 2 · Ellsystem)
&

⑧ size extensivity ·
EInsystems) = nE(1 system)
· CID land other truncated CI schemes

are not size extensive !

· missing is the simultaneous double1 1

excitation on A and B
(
1

i
. e . Tz

,
a
·Ta ↑

lor a fourfold excitationMy as in FCI)



We try an exponential ausatz for the
excitation operator :-

(4) = e
*

(P0) = (1 +5 + 12+ ... )(Po)2
m-
as for coupled
CI higher order

=+Fit ,
excitations

=Etat single excitations
tor

c opera
co eirt

amplitude , not cofficient !



1 1↑=ab tat double excitations
2
,ja ,b J operator
focc evirt coupled higher

11/ teexcitations
genera

size extensivity
Note : CI CC
-

1 N
products of amplitudes

T T tj1 1 I

~

yield cofficients
1 1 12

T T+T2

1 1

Ts T+
i i



The exponential ansatz is the basic idea of
Coupled ClusterICC) theory ·- -

(Koester
,
Kümmel

, 1957/1960 ; after = 1970
also used in QC)

Problem : the underlying equations for the
&

camplitudes are nonhnear and more
difficult to solve than the linear ones
for CI coefficients ·

projective and iterative solution.



assume a "full" CC wave function solves
theSchrödinger equation :

1
1

H le
*

Po) = Ele
*

Po)
then : <Pole*Po) = E

projection<Pe*Pol = Expiilpo
equation for the energy and
equations for the amplitudes
(monlinear , coupled)



CCSD(T)) is currently considered
as the "gold standard" of
computational chemistry.
CCSD : coupled cluster with single
and double substitutions

,
nonlinear

system of equations solved.
(N) : triple substitutions calculated

by perturbation theory.



Attempts to combine the simplicity
of CI with the higher accuracy
of CC : lonly a few examples
- ACPF averaged coupled pair- =

functional-

- (SCCI elf-consistent size->

consistent CI
-

air
- CEPAn coupled electronp- = =>

approximation (n =0 , ....3)=>



Schemes for (near-) degeneracy situations
· more than one leading configuration
-> multi-reference schemes :

=>

-> orbitals optimized formore than
a single configuration Y

multi -
-MCSCF(orMCHF) configuration=>

-> if the MC warefunction corresponds
to aFCI in a so-called active orbital

space : complete-

CASSCF active space-
-



-> multi-reference SCF schemes
account for "static" electron
correlation.

-> adding MBPY , CI ,CC to MCSCFor
CASSCF

=> MRPM
,
CASPT2

,,..

=> MRCI (usually MRCISD)
- MRCC /sereval variants (



electrons
orbitals-chemesfor large systems: /units

· formal scalingwith systemsize m 7 (

6
HF unt

,
MP2 un

,
CISD

,
CCSDum ,..

· exploiting the locality of electron
correlation /electrons have to come

close to each other to "feel" their
Coulomb repulsion , "near-sightedness"
of electrons)



7 localization of occupied and
-possibly virtual orbital I onlyII local" excitations included

virtua
> v

> partitioning into separated
overlapping sub sys

hems

+....



usually regwires size consistent electron
correlationscheme

,
e .g .

CC
,
Mir

> numerous so-called

local correlation approaches
· separating the system in an interesting
part requiring an accurate treatment
and a less interesting spectatorpart,
eig . solvation

models for
systems in solution (e .g . COSMO)



2 . g . embedding schemes for molecules
in a solid matrix

,
active sites of

enzymes .... (QM/MM)
/ molecular

mQuantue mechanics





· "Definition" of relativistic effects
,many choices !

1Onepree,
rel

/ prelypurel , juvel /pured
·Definition" of correlation effects :

,
exact ?

1 jov por y / pcorry - ( pHF/5/4H)
Note :

Dove and DoWarenot strictlyadditive
Ö = # => energies , geometrics , frequencies , "





Relativistic Quantum Mechanics requires
that the relativistic wave equation for one
electron has four components

we do not go into
details here !

-> two degrees of freedom for spin (x , B)
two degrees of freedom for chargelejet)
-> Hamilton operator contains 4x4 matrices
Warefunction ist a 4 component rector
-> Approximate relativistic scheme keep

only 2 component (x ,B) or 1 component



The Divac-Coulomb-Breit Hamiltonian

1

H =W
11

- -

h(i) = hy(i) = ca, pj + (Bi -[4)c + Vw()

finite nucleiV(i)=- possible !

g(j)= (j) =1rij



=z

E= y+1 j= 1 Eig

Divac matrices :

(
O 10k I withk=x ,yz , B =(a)&

k
=

-iso

Pauli matrices :

6 (9) , 0y = ( !5 ) , 0=( -
i) ,
F= (i)

other representations possible !





Relativistic H-like atomslious energy
1a .u. + 2 m=n -j-MS

E =
=

I & =137 au .
z finestructure~1 (mrfijtz

constant

· assume 2k(137 = (ij+22 j+
andny+1 m resteonvel

. es welicorr.

· Taylor expansionme + 0(z42242

u2
~ 22 ~ 24







Relativistic effects for atoms
· direct effects ↑ reh
= reason : replacing luvel by H
=> result : causes contraction and

stabilization of all orbitals
-the larger the smaller nand I , ie,
size 15 > 25z2p > 35 p13d ..

=> result : causes spin-orbit splitting
-the larger the smaller nand I , ie,
size 2p > 3p > 3d



· indirect effects
-> reason : direct effects cause a
contraction of inner (covel shells

= result : better screeningof the
nuclear ch

arge for outer (valence
shells and thus to a destabilization

and expansion.

Many-electron atoms :
Both effects act on all shells !



Result for valence shells :
· stabilization and contraction

of s and p shells

· destabilization and expansion
of d and f shells

srules of thumb ! )









destabilized
- stabilized
Id10s => d92 for very largeZ



bonding orbitals contract -> bond contracts
(Attention : interpretations depend on F ! )



M + H -> Mo+ #* -> MH
,
ns stabilized ->EAT->Det

























Bond destabilization due to spin-orbit coupling
e . g . large/small SO energy loweringin GTR/T2 :
obonding and in antibonding inT-Tl

*

⑳

Coverof
"Basics of Relativistic Quantum Chemistry" ,
Cap/WFang ,

M
,Dolg ; Sciencesin

















Chapter4

Density functional thecory
IDFT)

I for ground states (

Some general advice/remarks





· nowadays themostpopular electronic
structure approach in computational
chemistry /basis sets usually STOSIGTOs ;
all-electron and valence -only treatments)
and theoretical solid state physics (basis
sets usuallyplane waves , used in combi-
nation with pseudopotentials)
· in principle (theory) exact , in practice
lapplications) not , unsystematic



Hohenberg-Kohn theorem proves the- -

exactness
,
but does not tell how to do

it correctly
-> a huge variety of approaches/functionals

· quite fast IDFT : "dirty fast trick") ,

since one determinant approach (kohn-
-

Stam formalism)
-

· before DFT was theoretically founded
1Hk theorem 1964 ,

KS formalism 1965)



existed DFT-like methods :

=> "Thomas-Fermi-Divac statistical

model for atoms -> II

pure" DFT
= Hautree-Fock-Slater or X

<
method

for atoms/molecules/periodic systems
-> DFT KS approach with only local

exchange to model/simplyfy
· coupling of elections and nucleipossible ,
e .g .
Car -Parinellomolecular dynamics (CPMD)
- - -



motivation :

ab initio treatment firstprinciples treatment
((HI-CI

,
C

,
... (KSDFT , )

we know weknow that it exists ,E[4] how it E[g] but do not know how
/

looks !
/

it looks !

In spatial and 3 spatial coordinates ,
in spin coordinates , (x , y 1 2)

(i) ,
i = 1

,mim

-> high dimensional ->3-dimensional

protobservable gobservable



↑+ + 6+ =#E
↑ (-Xi) 1517) I all
universal univers -properties

I

I binitio ↓ can be

calculated

( =E) + w (+
specific ↑ specific

known : Ezz.3 ,m 9
(BO approximation) 9 =S*

pdo ,den

START END



Ez ,m
1) n = (g()d
2)
*

peaks in the electron density Ein

3)-zag
=Zu -27r

* It type ions : Pre
-> gre

~ kat v=0 and Agr n-2zgirpea

of, cusp conditions in chapter 1



In
summary : 1

& -> m
, SiniE] -HE

the
energy E

is a functional of the election density,
E[9]
* variational search for an exact solution of14) =EIP)
under the condition that /N) delivers :

90 -> Eo = EIgo]
I

ground state Lnobody knows how it looks !



questions not discussed here :
· does a warefunction pexist for every

election

density o integrating to m electrons ?
In representability (

⑧ does a potential Vexist for every electron

density g ?
Iv representability (
-> do unreasonable/incorrect functions girl
exist

,
which should not be used in EIg] ?



Theorems of Hohenberg and Kohn (1964)
assume a universal functional
Q [9] := min <Pg/ + /4g)
-> universal operators: ↑ =-Ai,
- Ng : antisymmetric warefunction yieldingg

solution yielding
-> g : n electron density theminimum of- 1

T+V)

↑ [g] = /min/pin ,
dito forggo



-Theoremgld +Qig] Egel
I - electronic
externalpotential ground state
Coulomb potential of nuclei energy

proof :

Sgüldü +Q)=phin mi
! L I

↓ definitions of
min /Fre variational
-

Q[g] and Pg principle

= ge ,d,-



Ihrem/d + Q[go) = Eye
↑

A N

-
variationalprinciple

proof :
11

Eg = /Po+614 [*
exact ground statewavefunction I

↓ definition ofQIg]
-min=> only = sign fulfills and Ygo

both conditions !

fürgolüd =YgoV/4go) = coust .
Ged .



· The existence of a universal and
variational density functional for
the ground state energy has been proven.

· The theorems and theirproof do not
help to find the functional or construct
suitable approximations.



A pure DFT :

Thomas-Fermi-Rivacmodel (1927/20

Ega
- -

#
Coulomb y[g] K[g] "Slater exchange"
-

-> results not good , mainly due toMIg]



Kohn-Sham formalism(1965)
↑ [g] is split up in an expression for a
moninteracting model systemwith the
same density g1- use orbital

model ! (

and a correction) -> contained in the

"exchange and correlation" functional Extg))-

E[g] = (ing(üldü ++[Sqi]] + Exc[g] +
Oth order- corrections toto

+=Vig)+S+Extg]+ytg)



This equation is thedefinition of Exc[g] ,

which should contain

-> exchange interaction (X)
-

- correlation contributions (C)
-

- higher-order kinetic energycorrections
Note : - KS (spin) orbitals

↓
- geract = Tipp:

Is this generally
possible for all

Exce gexact ?



- TES4:37 = -[/giAlfi)
Cocc

easy to calculate ,
accurate

- but this does not mean
,
e . g .

pexact det/gil=

Eexact=detilFdeti
- p similar to GeF , since andWin

both KS and HF equations !



KS HF

Elg] = To[Sei]]+ ETP] = /*) + kinetic

/ /

-filiqual
- füg)di + +<) + potential

I
IJupidi)

=qual



KS HF

-did Coulomb

/

/ des
i=j+1j=1

no self-interaction

G dir,die
-2)
I=2

=>dqual
self-interaction (i =j)



KS HF

+ YY) exchange
+ Exc[g]

-verydifferent correlation

size of contributions (absolute values!

potential > kinetic > Coulomb >
=> # #

> exchange > correlation
=

=



· Applying the variational principle
to Elg] cort . Yi :

Kohn-Sham equations

[I Idependingonthe
interaction ! selected correlation

· self-consistent exchange
fieldprocedure (cf . HF) functional



Types of density functionals
· LDA , local density approximation
Excig] = JEx[g] ·gir di

↑

exchange and correlation
-

energy per p
article from

a homogenous election gas
of density g

often ... EPIg] + ENNIg]



X : analytic derivationpossible
- /915 ,43 di Divac

,

Slater (S)

Hartree-Eock-Slater (HFS) method
- -

as simplification of HF
IXa method

,
since <x = (x)

2 : Quantum Monte Carlo results of
Ceperly and Alder parametrized by
Vosko,ilkandusair (VWN)
-



LDA still verypopular in solid state physicsII

1- relatively "homogenous densities) ,
but densities of atoms and molecules

II
are not really "homogenous ->

· GGA
, generalizedgradientapproximation-

-
-

inclusion of dependencies on local

gradientgr)/besides gü
many functionals !



X : Becke (1988) C : Lee
,Yang,Paur- - =>

=

B88 LYP
2 Perdew (1986)

XC : BELYP
,
BRB6 986

· meta-66A

inclusion of dependencies on
Ag (besides Eg aud g(
· OPM

, optimized effectivepotential method

Exc[g] = Ex[Spil] + Ec[g]
.. and many

other schemes



· semiempirical combinations with HF

e . g . B3LYP, 11/
I maybe the most popularDF ?

hybrid functionals , eig .
Ec[g] = EA + ao/Exact-E

SWN KISS] *
+axXE388 + anEY
-gradient corrections



The adiabatic connection (AC)

exact exchange - correlation energy expression
of the Kohn-Sham Formalism

1

Exc = ) H di

2 : interelectronic coupling strength
parameter
-> switches on (2=1) and off (=)



R = 0 moninteracting Kohn-Sham system
x= 1 fully interactingreal system
01 "Continuum" of partially interacting

systems
Note : all system (0EXK1) shave the

exact density (density of the fully
interacting system)



⑧

Uxe pure exchange energy of the
Slater determinant of the
Kohn-Shamorbitals

,
without

any dynamical correlation : Es
KS HF *1

1
Ex = Ex

X

-
·

Stic= i
~ b dis i



=> "Half-and-half" functional of
Becke (1993) : BHH

~
hybrid



-
*

⑤

=>

results are

very good!
↓

improvements
still possiblee.

=> I *

I



=> first hybrid functional byBecke &

1993 : 3 optimized parameters
an = 0 .20

SW91
> ax = 0 .72

ac = 0 . 81 ↓ hybrid

856
ab initio 66A

42

· 8

10

Light atoms



B3PW91

↓ "hybrid"
ab initio 6GA

56

42

8

10

light atoms



=> almost uncountable number [010]
ofpossibilites/functionals !

You can almost always find a
functional which produces excellent
results for one property of one system,
but haudly one which does this for
several properties ofmanysystems.



· Advantages DFT :
-> efficient (fast , moderate computational
effort , large systems accessible (
· Disadvantages of DFT :
-> not systematically improvable (abinitio
- one determinantal approach : problems to
dissociate bonds

,problems with Inear-

degeneracies , problems withmultiplet splittings
-= long range potential often wrong (vg+ 0 :

anions often with 51 > 0 for valence shell



=

Px , px+ ipy or dzzy2 , dxy ave

degenerate ,
but have different densities

-> no degeneracy at DFT level , e .g.,-

for So 3d12D (5 levels)

= no interaction for no density overlap,
eig . van

der Waals interaction is not
interactiondescribed

,
e . g.-L

So1s2ppHe Issa1s2pp
I



The HK-theorem and the US-formalism
are for electronic ground states.
An extension to time-dependent
potentials (external electromagnetic
fields) allows to calculate the response
of the system to these , e .g. excitation
energies > time-dependent
density functional theory (TDDFT)



We had a look at "standard" approaches ,
HF

,
MBPT (MPm , ...) , CI(CISD , ...,

FCI) ,

C (CCSD , ... ,
CCSD IT)

, . )

DFT (LDA ,
GGA

,
meta-GGA

, hybrid, )

There are many
more approaches /

variants/details/topics .... to talk about ·

MSc
,
4hD, .... enough time to find out !



Some advice for practical work

Before you
start :

· Check the Literature ! (Wos
,Bing,)

- Theory and experiment
- who ? Whichmethods ? Results? Problems?

-> Was
your problem/question already looked

at or even solved ?



Doing calculations :

=> Use published coordinates (calculations ,
experiment) as starting guess :
if not available start with simple/cheap
methods first and increase theaccuracy
Step by Step / forcefield ->DFT
ab initio ; small basis bigbasis ;
HF > MP2 > CI

, CC]
- Make sure your

chosen approach
can deal with your problem



-Check by visualizaLou your initial
and
your final structures for

plansability /jmol, arogadro, ..)
-Check charges on atoms for plansa-

bility (Mullikenpopulation analysis, ...)
Check your output(s) for error
~ Or S -

messages warning ) ... not imple-
mented ;

codenot tested for ,, no

convergence ; 11/ (



Writing the report/paper :
- Make sure

you provide the correct

references in correct form (at least
look at title and abstract ; check

autor names
, journal , year, volume

and
page

numbers (Wos (x)
Provide all details of your

calcu-

lations (Hamiltonian , basis set,



density functional/corvelationmethod,
, program system) > It should

be possible to reproduce the work
with the informationprovided !

Good Luck !
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